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The X-ray interbranch scattering by lattice distortions is studied for a thin

crystal whose thickness is appreciably less than the conventional X-ray

extinction length. The concept of interbranch phase modulation of the X-ray

wavefield is extended to the case of a large gradient which depends on depth

inside the crystal. The prominent interbranch features of the diffracted intensity

are also established within this concept. Numerical calculations of the diffracted

intensity are presented for an exponential strain gradient model to illustrate this.

Diffraction (extinction) contrast is discussed for a strongly deformed specimen

containing a single dislocation. It is predicted that for large values of the X-ray

extinction length the extinction contrast may arise even in the case of a very thin

crystal. This effect, owing to the interbranch phase changes of the waves

scattered in the deformed matrix, is observed in experiments with protein

crystals.

1. Introduction

X-ray diffraction by highly strained crystals is conventionally

treated as a kinematical process (James, 1948). This viewpoint

turns out to be correct in many practical cases. However, some

X-ray studies on crystals of strongly distorted heterostructures

show unexpected results (Tanner & Hill, 1986; Ferrari et al.,

2005). Although the actual crystal thicknesses were much less

than the extinction lengths involved, it is argued that dyna-

mical diffraction theory should be exploited to explain the

observations.

Unfortunately, a comprehensive physical understanding

based on Takagi’s equations (Takagi, 1969) is difficult to

obtain. Normally numerical solutions must be searched. When

analytical solutions are obtained, they usually involve special

mathematical functions which do not provide an interpreta-

tion in terms of a wavefield concept. Bearing this in mind, we

present an alternative dynamical approach applicable for the

case of a variable strain gradient depending on the depth z

inside a crystal. This approach, which takes into account X-ray

interbranch scattering, is capable of explaining the dynamical

diffraction effects in highly deformed thin crystals. This topic

was first considered by Penning (1966) and has been inten-

sively studied by Authier and co-workers (Authier, 2005).

In this work, it is assumed that deformations of lattice

exceed the limit of validity of the eikonal theory. This limit,

established by Authier & Balibar (1970), states that the radius

of curvature of the X-ray beam in the deformed regions of the

crystal should exceed the Pendellösung distance (extinction

length) by at least one order of magnitude. It is important to

note that, for such deformations, interbranch scattering occurs

only within a small part of the crystal, near the point z0 where

the Bragg condition is locally satisfied. We will consider a thin

crystal whose thickness is appreciably less than the extinction

length �g . Still, the formalism covers crystal thickness from

nanometre to micrometre values. This corresponds to the

mesoscopic range, which plays an important role in semi-

conductors and metal compounds. Such structures may exhibit

strong deviations from perfect periodicity, leading to values

for the strain that render the eikonal approach inappropriate

(Ibach, 1997; Kolosov & Tholen, 2000; Kim et al., 2008).

It is worth pointing out that we develop a microscopic

approach by rigorously summing the phases of the waves

scattered by the misoriented domains. This may have advan-

tages over the macroscopic (or phenomenological) approach,

which operates with statistical parameters averaged over a

volume of the reflection domain (Krivoglaz, 1996). The

present approach will be especially important for high-quality

crystals of small structures where statistical methods cannot be

applied, owing to a small number of defects. The exact

calculation of the phase changes allows the prediction of the

phase modulation of the waves constituting the wavefield in

deformed crystals. Phase modulation is caused by interbranch

scattering, whereas amplitude modulation is induced by into-

a-branch scattering.

2. Basic considerations

Assuming symmetrical X-ray Laue diffraction from a crystal

with a one-dimensional deformation, which depends on the



depth in the crystal, Takagi’s equations can be written as

follows,

dD0ðzÞ

dz
¼

i�

�g

DgðzÞ; ð1Þ

dDgðzÞ

dz
¼

i�

�g

D0ðzÞ þ i sþ g
duðzÞ

dz

� �
DgðzÞ; ð2Þ

where D0,g(z), u(z) and s are the amplitudes of the transmitted

and diffracted waves, a long-range strain field and the depar-

ture of the incident wave from Bragg’s law, respectively (see

Table 1 for an explanation of the symbols used in the text). By

differentiating (2) and using (1), one obtains the following

equation for the amplitude Dg(z),

d2DgðzÞ

dz2
� i sþ g

duðzÞ

dz

� �
dDgðzÞ

dz

þ
�

�g

� �2

�ig
d2uðzÞ

dz2

" #
DgðzÞ ¼ 0: ð3Þ

The analytical solution of (3) is possible only for some special

models of lattice displacements, one of which is the constant

strain gradient model. Applying the method of Riemann and

Laplace transforms, the appropriate rigorous solution

expressed in terms of the confluent hypergeometric function

was obtained by Litzman & Janacek (1974), Chukhovskii

(1974) and Katagawa & Kato (1974). For simplicity, we assume

that the displacement field u(z) is parallel to the surface. Thus

the vector notation is hereafter omitted. In the case of

homogeneous bending, its value has the form u(z) = �z2/(2R),

where R (R > 0) and � are the radius of curvature and a

constant specifying the deformation, respectively. For a highly

bent crystal, the confluent hypergeometric function yields the

following asymptotic expression for the amplitude of the

diffracted wave, which corresponds to the limit R ! 0

(Chukhovskii, 1980),

DgðzÞ ¼
i�

�g

exp 2i

Zz

0

qðz1Þ dz1

2
4

3
5Zz

0

exp �2i

Zz1

0

qð�Þ d�

2
4

3
5 dz1:

ð4Þ

Here, q(z) = [s + gdu(z)/dz]/2 and the amplitude of the inci-

dent wave is assumed to equal 1. However, this solution does

not cover the whole range of the z values. It turns out that the

asymptotic expression (4) cannot be applied within a small

vicinity �z0 about the depth z0 defined by q(z0) = 0. Some

simple considerations may be applied to verify this fact and

assess the size of this vicinity. In this connection, one can

deduce from (3) that the solution [equation (4)] is correct

within a small fraction of 1/", where " = �g�g
2/(2�2R) and

parameter "� 1 for large gradient. On the other hand, as

appears from (4), the changes of the amplitude Dg(z) near the

point z0 achieve a value of the order of 1/" within the small

vicinity �z0 = |z � z0| ’ �g /". Indeed, assuming for definite-
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Table 1
Table of the symbols introduced in the text.

Symbol Expression Explanation

z Depth inside the crystal

z0 Point where the Bragg condition is locally satisfied, such that q(z0) = 0

g Diffraction vector

s Departure of the incident wave from Bragg’s law

u(z) Displacement field

�g X-ray extinction length for an ideal crystal

! s�g=ð2�Þ Dimensionless departure

D0,g(z) Amplitudes of the transmitted and diffracted waves

q(z) ½sþ g duðzÞ=dz�=2 Deviation from Bragg’s resonance in deformed crystal

�ðzÞ ½sþ g duðzÞ=dz��g=ð2�Þ Dimensionless departure

p(z) 1þ sþ g duðzÞ=dz½ ��g=ð2�Þ
� �2

� 	1=2

Double value determines the splitting of the local dispersion surface in the conventional dynamical
theory

�(z) 4�2 1þ qðzÞ�g=�

 �2

n o�
�gg d2uðzÞ=dz2

 �

Inverse value determines the interbranch contribution to phase of the X-ray wavefield at the point z

W(z) ð�=�gÞ 1þ sþ g duðzÞ=dz½ � �g=2�
 �� �2

� 	1=2

Phase deviation from interbranch contribution at the point z

Q(z) W2ðzÞ þ �=�ðzÞ½ �
2

� �1=2
Double value determines the interbranch splitting of the dispersion branches at the point z

�g 4�2
�
�g gu00ðz0Þ

 �

X-ray interbranch extinction length

" gu00ð0Þ �2
g=ð2�

2Þ Deformation parameter

A
j
0;gðzÞ Modulation amplitudes

� j
0;gðzÞ ½ pðzÞ��1=2 exp i

R
S

j
0;gðzÞ dz


 �
Eikonal solutions of Takagi equation, related to the appropriate eikonal phase functions S

j
0;g

C�(z) Amplitudes of the upper and lower ‘new’ Bloch waves

 (z) �sz=2þ ðzgu0=2� guÞ Phase term which does not depend on the interbranch contribution



ness that 0 < z � z0
<
� �g /", we portion all intervals of the

integration in (4) into the interval from 0 to z0 and the small

interval from z0 to z � z0 . After integrating, the amplitude

Dg(z) can be written as the sum of the value Dg(z0) and the

small value proportional to z� z0. It follows from this that the

difference �Dg = |Dg(z1)�Dg(z2)|, where the points z1 and z2

belong to the interval �z0, is less than or of the order of 1/".
Thus, within �z0 the changes in the magnitude of the ampli-

tude Dg(z), calculated from (4), are less than or of the order of

1/" too. This is not in accordance with the accuracy of the

asymptotic expression which is of the same order. Thus

expression (4) incorrectly describes the wave amplitude within

�z0. However, outside this vicinity the expression adequately

describes X-ray diffraction in a strongly deformed crystal

(Shevchenko, 2007). Moreover, as it appears from the

presented arguments, expression (4) can be applied for an

arbitrary model of one-dimensional deformation, such that it

can be considered as asymptotic of the rigorous solution, when

passing to the limit of large gradient. Therefore, the discussion

following (4) may be put forward irrespective of the choice of

mathematical model for the strain field.

Clearly, this problem with the asymptotic solution [equation

(4)] is as expected, because this expression only describes the

X-ray kinematical diffraction in a strongly deformed crystal.

At the same time, near the point z0 the dynamical interbranch

processes are resonantly activated with increasing deforma-

tion. It should be noted that calculation of the interbranch

contribution with the help of Takagi equations may run into

serious difficulties. The point is that these equations describe

both interbranch and into-a-branch scattering which, in the

kinematical diffraction limit, determine the maximum of the

X-ray rocking curve. Thus it is convenient to apply the

‘eikonal’ representation of the dynamical theory. Within this

representation the into-a-branch contribution is extracted

from the X-ray wavefields, by expanding the amplitudes D0

and Dg in a series of eikonal basic functions. These functions

are related to the modified Bloch waves introduced by Kato

(1963, 1964). The expansions for the amplitudes take the form

D0;gðzÞ ¼ exp i
Rz
0

qðz1Þ dz1

� � P
j¼ 1;2

A
j
0;gðzÞ�

j
0;gðzÞ; ð5Þ

where �1;2
0;gðzÞ are the eikonal solutions for the transmitted and

diffracted waves of Takagi’s equations for the ‘upper’ and

‘lower’ dispersion branches, respectively; A
j
0;gðzÞ are the

modulation amplitudes which correspond to the appropriate

eikonal solutions. In the case of a one-dimensional deforma-

tion with variable strain gradient considered hereafter, the

basic function can be taken from (Shevchenko, 2005)

� j
0;gðzÞ ¼

1

½pðzÞ�1=2
exp i

R
S

j
0;gðzÞ dz


 �
;

where the eikonal phase functions are

S
j
0;gðzÞ ¼

�

�g

pðzÞ þ i
�0ðzÞ

2pðzÞ
and S1

0;gðzÞ ¼ �S2
0;gðzÞ:

Here p(z) = ½1þ �2ðzÞ�1=2, the deviation �(z) = ! +

gðdu=dzÞ�g=ð2�Þ and the departure ! = s�g=ð2�Þ. Of special

interest among the ‘new’ waves are those propagating in the

transmitted channel, in which the interbranch scattering can

induce a ‘jump’ of the tie point. In this connection, we will

consider the fundamental equations for the amplitudes A1;2
0;gðzÞ

only, which can be obtained by substituting (5) into Takagi’s

equations,

dA1;2
0 ðzÞ

dz
¼ �

A2;1
0 ðzÞ exp �ð2i�=�gÞ

R z

0 pðz1Þ dz1


 �
2p2ðzÞ !� ð1þ !2Þ

1=2

 � d�ðzÞ

dz
: ð6Þ

In analogy with the study of the interbranch interchange

carried out for homogeneous bending by Shevchenko (2003),

we introduce the interbranch extinction length �g =

2�p2ðz0Þ=�
0ðz0Þ. It should be noted that for a uniform strain

gradient the interbranch extinction length determines the

effective period of the oscillations of the diffracted wave,

which are due to the X-ray interbranch scattering (Shev-

chenko, 2007). Besides, the inverse value k� = 1/�g specifies

the increment of the amplitudes of the ‘new’ waves per unit

length. For weak deformation, the value k� 	 1=�g and, as it

appears from (6), the derivatives dA1;2
0 ðzÞ=dz tend to zero.

This means that the appropriate amplitudes A1;2
0 ðzÞ are the

constants corresponding to the eikonal approximation of the

dynamical diffraction theory. However, when a crystal is

strongly deformed, k� � 1=�g. In this case the interbranch

contribution is rapidly accumulated, leading to sharp changes

of the modulation amplitudes near z0. The large value of k� is

also associated with the anomalous splitting of the dispersion

branches. Using the considerations given by Shevchenko

(2005), one can deduce that the interbranch splitting at

the point z is described by the value 2QðzÞ = 2fW2ðzÞ +

½�=�ðzÞ�2g1=2, where W(z) = �pðzÞ=�g and �(z) =

2�p2ðzÞ=�0ðzÞ such that �ðz0Þ = �g. Taking into account

rigorously the interbranch changes of the phases of the ‘new’

waves, the amplitude of the transmitted wave can be written as

D0ðzÞ ¼ exp i
Rz
0

qðz1Þ dz1

� �
CþðzÞ exp i

Rz
0

Qðz1Þ dz1

� ��

þC�ðzÞ exp �i
Rz
0

Qðz1Þ dz1

� ��
; ð7Þ

where C�(z) is the amplitude of the ‘new’ Bloch wave

corresponding to the ‘new’ Bloch wavevector �QðzÞ. Owing

to the interbranch jump of the ‘tie point’, the energy of X-rays

will be transferred from the ‘new’ upper Bloch wave to the

‘new’ lower one. This leads to a change of the amplitude CþðzÞ

from 1 to 0 within the small vicinity �z0, while the amplitude

C�ðzÞ changes from 0 to 1. (Any attenuation of the incident

wave through the crystal by diffraction is neglected.) Clearly,

these changes have to occur within the small vicinity of z0 .

Therefore, we will approximate them by step functions, by

supposing that CþðzÞ = �þðz0 � zÞ and C�ðzÞ = ��ðz0 � zÞ,

where �þðzÞ equals 1 and 0 if z > 0 and z < 0, respectively,

whereas ��ðzÞ equals 1 and 0 if z < 0 and z > 0, respectively.

It should be noted that this approximation is not critical for

the final conclusions. The point is that they are mainly based
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on the concept of the interbranch changes of the phase of the

X-ray wavefields, which does not depend on the given

assumption. As a result, (7) can be modified to

D0ðzÞ ¼ exp i
Rz
0

qðz1Þ þ� z0 � zð ÞQ z1ð Þ

 �

dz1

� �
; ð8Þ

where �ðzÞ equals 1 and �1 if z > 0 and z < 0, respectively.

For calculation of the amplitude Dg , which contains the

interbranch contribution to the phase of the transmitted wave,

we use the integral form of (2), which is the exact relation

among the amplitudes Dg and D0 . Then, it is straightforward

to obtain the following expression for the amplitude of the

diffracted wave,

DgðzÞ ¼
i�

�g

exp 2i

Zz

0

qðz1Þ dz1

2
4

3
5




Zz

0

exp

(
i

Zz1

0

�qðz2Þ þ�ðz0 � zÞQðz2Þ

 �

dz2

)
dz1: ð9Þ

As one can see, we extend the expression for Dg(z), obtained

previously for a homogeneously bent crystal (Shevchenko,

2007), to the case of any form of continuous one-dimensional

deformation. This result is not accidental and is due to the

covariant form of the fundamental equations corresponding to

the ‘eikonal’ representation of the X-ray dynamical theory

used to obtain the diffracted intensity. It is obvious that these

equations depending on the parameters p(z), �(z), ! and "
have an identical form for different models of the variations of

lattice distortions with the depth z inside the crystal. There-

fore, the form of the expression for the diffracted intensity for

variable strain gradients is the same as that corresponding to a

constant strain gradient.

In contrast to the kinematical relation [equation (4)], the

dynamical interbranch contribution is taken into account in

this expression. Furthermore, analyzing (9), it is interesting to

note that only the correct phase relation in (8), involving

considerations of the interbranch scattering, allows the X-ray

kinematical diffraction limit in a highly deformed crystal to be

obtained. Indeed, in (9), it is possible to replace the value Q(z)

by the value jqðzÞj at any point z which is far from z0 . Then (9)

transforms into the appropriate expression for the kinematical

amplitude of the diffracted wave, which is analogous to (4).

After a straightforward manipulation (see Appendix A),

(9) can be reduced to the form

DgðzÞ ¼
i�

�g

exp 2i

Zz

0

qðz1Þ dz1

2
4

3
5




Zz

0

exp i  ðz1Þ þ�ðz0 � zÞQðz1Þz1


 �� �
dz1; ð10Þ

where  (z) = �sz=2þ ðzgu0=2� guÞ. As it appears from (10),

the interbranch scattering causes the phase modulation of the

X-ray diffracted wave near the point z0 . Obviously, the

effective period of the modulation will be of the order of the

X-ray interbranch extinction length �g . As �g 	 �g, the effect

of the phase modulation may be very pronounced for a thin

crystal, whose thickness t is considerably less than the

conventional extinction length �g. Bearing in mind the order of

magnitudes possible for �g, one can estimate that the appro-

priate thickness t may vary from nano-scaled values to micro-

sized ones. The latter case corresponds to a crystal with

sufficiently large �g (as, for example, protein crystals). At the

same time, this range is the threshold for the advanced tech-

nical applications directed at fabrication of small-sized

devices. Therefore, this study of the X-ray interbranch

processes in a highly deformed crystal has a practical appli-

cation too. Generally, the presented theory allows the

description of the X-ray diffraction within a small spatial

range which is not covered by the asymptotic behavior of the

rigorous solution.

3. X-ray diffracted intensity from a crystal with an
exponential strain gradient

The phase modulation of the diffracted wave owing to inter-

branch scattering may lead to prominent features in the

diffracted intensity function. These features directly follow

from (10), which we will apply to a model involving an

exponential strain gradient. Thus, it will be assumed that the

displacement field has the form u(z) = u0 expð�z=lÞ, where u0

and l are the amplitude of the deformation and the char-

acteristic depth of the changes of the deformation, respec-

tively. Then, it follows from (10) that the X-ray diffracted

intensity versus the deviation parameter ! is described by the

expression

Igð!Þ ¼
1

"2

Z�
0

exp i  expð�Þ þ�ð�0 � �ÞQexpð�Þ�="

 �� �

d�

������
������

2

;

ð11Þ

where the dimensionless variable � = "�z=�g, such that � =

"�t=�g, and, moreover, we denote

 expð�Þ ¼ �
!

"
z�

2"

a
þ �

� �
expð�a�="Þ

a
; ð12Þ

Qexpð�Þ ¼ 1þ �2
ð�Þ þ

"2 expð�2a�="Þ

4 1þ �2ð�Þ½ �
2

� �1=2

; ð13Þ

where �ð�Þ = !� ð"=aÞ expð�a�="Þ and a = �g=ð�lÞ. In (11)–

(13), we use the notation " = �0ð0Þ�g=� which is also valid for

homogeneous bending. In the case of an exponential strain

gradient, the deformation parameter " = gu0�
2
g=ð2�

2l 2Þ, such

that the interbranch extinction length �g = 2�g=". It should

also be noted that by introducing the variable � it becomes

straightforward to calculate the diffracted intensity for strong

deformation. At the same time, as it appears from (10), this

expression can be extended to the case of a weak deformation

too. Indeed, for a slightly deformed crystal, the parameter

"	 1. Therefore, the interbranch phase contribution in (10),

which is proportional to ", will be small for such distortions,
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producing a negligible effect on the diffracted intensity. Thus,

(10) can be exploited for any strength of the deformation of a

thin crystal. For this purpose we introduce the variable ~zz =

z�=�g for a weak distortion, while for a strong deformation we

will use the variable �, expressed above. The results of the

numerical calculations of the X-ray rocking curve for the

different deformations are shown in Figs. 1, 2 and 3. They are

obtained by applying the model parameters t = 300 nm, �g =

10 mm, a = 10 and " = 0.01, 10 and 100. (It should also be noted

that in terms of the units of length �g, the given thickness

t = 1.5�g in the case of " = 100.)

As one can see from Fig. 1, corresponding to a small

distortion, the diffracted intensity has no remarkable features,

owing to the small interbranch term. If deformation slightly

exceeds the eikonal limit of the dynamical theory, a weakly

prominent interbranch splitting appears in the X-ray rocking

curve (see Fig. 2). In this case, the interbranch splitting occurs

within the small angular range �!int, which is appreciably less

than the half-width of the X-ray rocking curve �!1/2.

With increasing deformations, the interbranch scattering

increases too, such that the splitting effect will be the most

prominent when t ’ �g . This is illustrated by Fig. 3, corre-

sponding to the strong deformation " = 100. It is worth

pointing out that the interbranch splitting is the extinction

feature of X-ray diffraction with a highly deformed crystal. In

fact, the interbranch contribution to the phase of the trans-

mitted wave can be considered as the effective deviation from

Bragg’s law, which leads to losses of the kinematical intensity.

Moreover, owing to activation of the interbranch processes,

the diffracted intensity as a function of depth in the crystal

may show the prominent interbranch oscillations near the

point satisfying the local Bragg conditions. This is demon-

strated in Fig. 4, where the intensity is plotted as a function of

the variable �, for the deformation " = 100 and the value a =

10. It should be noted that the number of oscillations grows

when the values of z and ! are increased.

When the crystal thickness is increased, the half-width

�!1/2 of the rocking curve decreases. Therefore, interbranch

scattering in a thick crystal will not split the top of the Bragg

peak, but may cause an asymmetrical appearance of its shape.

This is shown in Fig. 5. Actual values of the parameters are " =

100, a = 10 and thickness t = 1.2 mm, corresponding to 6�g. As

may be seen, for a sufficiently thick crystal the interbranch
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Figure 2
Interbranch splitting of the Bragg peak, which corresponds to " = 10.

Figure 3
Interbranch splitting of the diffracted intensity from a highly deformed
crystal, specified by " = 100.

Figure 4
Interbranch variations of the diffracted intensity versus �, near the point
�0 = 6.9, related to the departure ! = 5.

Figure 1
X-ray rocking curve for weak deformation " = 0.01.



splitting is actually degenerated and the Bragg peak tends to

be transformed into the asymmetrical form.

Analyzing the plotted curves, one can deduce that the X-ray

rocking curves calculated for the exponential deformation are

similar to the curves obtained for a homogeneously bent

crystal (Shevchenko, 2007). In both cases the diffracted

intensities reveal interbranch anomalies, which apparently

occur for any form of continuous distortion. Characteristically,

these features are very sensitive to small changes in the crystal

thickness. Changes of a few hundred nanometres may

considerably influence the shape of the X-ray rocking curve.

In this connection, we suggest that study of the interbranch

features occurring in the X-ray rocking curves may be of

interest for an accurate determination of the thickness of a

strongly deformed crystal within the submicrometre or even

the nanometre length range.

4. Extinction contrast in the case of a highly distorted
specimen

The interbranch scattering responsible for the prominent

anomalies in the diffracted intensity may also lead to extinc-

tion features in the integrated diffracted intensity. This follows

also from the presented numerical results for the exponential

strain gradient, which show considerable interbranch losses of

the diffracted intensity. Thus one may anticipate that the

integrated diffracted intensity for a strongly deformed thin

crystal will not vary linearly with thickness as follows from the

conventional theory. One should pay attention to this fact in

the study of extinction contrast from an isolated defect in a

thin crystal. In this connection, it is necessary to remember

that the conventional theory predicts the disappearance of the

contrast if the crystal is sufficiently thin (Penning & Goemans,

1968; Tanner, 1972). On the other hand, as appears in the

present approach, an image of a defect may arise in the case of

a strongly deformed thin specimen. Bearing this in mind, we

consider the image from a single dislocation which exhibits

double contrast. The image width, D, of the double contrast,

explained as a direct or kinematical image by Authier (1967),

can be estimated as

D ’ �g: ð14Þ

The direct image originates from the deformed regions, posi-

tioned near the dislocation core, in which the absolute value of

effective misorientation � exceeds the perfect crystal reflection

range � 1/2 associated with the X-ray dynamical diffraction.

(For convenience of the further considerations, we introduce

angular variables instead of dimensionless variables ! and

�!1/2 used above.) However, these considerations are based

on the supposition that the into-a-branch dynamical process

producing the Pendellösung phenomenon mainly contributes

to the diffracted intensity from the crystal matrix. At the same

time, in the strongly distorted crystal, the dominant inter-

branch scattering, producing the phase modulation of the

diffracted wave, leads to the reduction of the extinction length

to the value �g = 2�g=" ð"� 1Þ, which is called the inter-

branch extinction length. This means that for strong defor-

mation the angular range � int of the interbranch losses of the

diffracted intensity will be of the order of the value 1=ðg�gÞ ’

"� 1/2 . Hence, the interbranch contribution to the diffracted

intensity can be neglected for the misorientations � around the

dislocation core which exceed the value "� 1/2. As a conse-

quence, the estimation [equation (14)] for the image width

should be rewritten for a highly distorted matrix as

D ’ 1= g� intð Þ ’ �g=";

D ’ �g:
ð15Þ

As can be seen from (15), assuming strong deformation, the

width of the dislocation image considerably decreases.

Consequently, the image may only be visible for crystals

having a large value of �g. In this connection, one can predict

that the extinction contrast will be most prominent for

deformed protein crystals specified by values of �g of the order

of 103 mm.

It is interesting to note that the image width from a screw

dislocation in a protein crystal has been analyzed by Koizumi

et al. (2005). It was found that the calculated value D, which is

of the order of 103 mm using (14), is greater than the measured

value by two orders of magnitude. Furthermore, the theore-

tical rocking curve width, which is of the order of 10�5 deg,

turned out to be less than the measured � 1/2 by two orders of

magnitude. The authors explained these effects by the high

mosaicity of the protein crystal. On the other hand, the

appreciable increase of the half-width � 1/2 implies a very

small average size of the mosaic blocks compared with the

extinction length �g. Along with this, for visibility of the image,

the conventional theory dictates the minimal conditions 0:4�g

in the crystal thickness, which was verified for a protein crystal

(Tachibana et al., 2003). However, supposing a strong defor-

mation of the matrix around the dislocation, we can verify the

reported suggestion. Indeed, according to the considerations

given above, extinction contrast may be formed even in the

case of a thin deformed matrix, where its thickness satisfies

�g
<
� t 	 �g. Then, we will suggest that the dislocation core is
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Figure 5
Asymmetrical broadening of the Bragg peak when the thickness t =
1.2 mm.



contained in the strongly deformed block specified by the

deformation " ’ 102, related to the value �g ’ 10 mm which

will also determine the thickness of the mosaic blocks. Taking

this into account, we obtain estimations for the values D and

� 1/2 which coincide with the experimental results.

The given example shows that study of the interbranch

scattering in a strongly deformed specimen might be useful for

the structure determination of an organic crystal and, more-

over, it would help to improve the understanding of the

formation of a dislocation image in crystals having a large

value of ".

5. Conclusions

Here we sum up the main results obtained in this work.

In the case of a sharp strain gradient, the interbranch

processes are analyzed in a one-dimensional deformed crystal.

It is shown that a combination of Takagi’s equations with the

fundamental equations corresponding to the ‘eikonal’ repre-

sentation allows the interbranch contribution to the phase of

the X-ray wavefield to be rigorously calculated. At the same

time, the conventional approach based on Takagi’s equations

solely leads to the kinematical expression for the diffracted

amplitude, which is not applicable near the point z0 .

For an exponential strain gradient, the diffracted intensity is

calculated for different strengths of deformation in a thin

crystal. It is established that, with increasing deformation,

observable extinction features, owing to the interbranch phase

modulation, arise in the X-ray rocking curve. This requires

that the thickness of the crystal, t, is of the same order of

magnitude as the interbranch extinction length �g . The value

�g depends on the deformation and the conventional extinc-

tion length �g , such that it may be changed from the nano-

scaled to mesoscopic ranges.

The extinction contrast from an isolated defect is also

considered for a strongly deformed crystal specified by a large

value of the parameter ". It is deduced that, owing to the

interbranch scattering in the deformed matrix, the extinction

contrast may appear even in the case of a very thin specimen,

whose thickness t is appreciably less than �g . It is estimated

that the appropriate width of the dislocation image will be of

the order of the interbranch extinction length �g . This result is

in line with the available experimental data obtained for a

screw dislocation in a protein crystal.

APPENDIX A
Calculation of the phase integrals

Let us carry out the mathematical manipulations with the

integral

IðzÞ ¼
Rz
0

exp �i
Rz1

0

qðz2Þ dz2 þ i�ðz0 � zÞ
Rz1

0

Qðz2Þ dz2

� �
dz1:

ð16Þ

By integrating the second phase integral in (16) by parts, we

modify it to the expression QðzÞz�
R z

0 Q0ðz1Þz1 dz1. As to the

latter integral, it can be written as

Zz

0

Q0ðz1Þz1 dz1 ¼
�

�g

� �2Zz

0

pðz1Þp
0
ðz1Þ

dz1

Qðz1Þ

þ
1

4

Zz

0

�0ðz1Þ�
00ðz1Þ

Qðz1Þp
4ðz1Þ

z1 dz1: ð17Þ

In (17), we neglect any small terms and will denote the second

integral by I0ðzÞ. It should be noted that the integral I0ðzÞ is

attributed only to deformation with variable strain gradient.

Therefore we pay special attention to calculation of this

integral. In this connection, we take into account the relation

�0ðzÞ � �=�g, which implies that the integrand in I0ðzÞ is

appreciable only near z0 . In the result, it can be replaced by

the expression ð1=2Þ�00ðzÞz=p2ðzÞ. Moreover, we will assume

that the strain field has the form uðzÞ = u0 f ðzÞ, where u0 is the

amplitude of the deformation and, for definiteness, it is also

assumed that f ð0Þ = 1. Bearing this in mind, we assess the value

�00ðzÞ as "�f ðzÞ=ðl�gÞ, where " = gu0�
2
g=ð2�

2l 2Þ and l is the

characteristic range of the changes of the displacement field.

Then suggesting �(z) ’ �0ðz0Þðz� z0Þ and taking �0ðz0Þ ’

"�f ðz0Þ=�g, one can obtain

I0 ’
�g

2�l

Z�
0

�

�2 þ ð� � �0Þ
2

f ð�1Þ

f ð�0Þ
�1 d�1; ð18Þ

where � = "�z=�g and � = 1=½"f ð�0Þ�. Because for strong

deformations �	 1, the first multiplier in the integrand in

(18) can be considered as the delta function. Thus, the integral

I0 ’ z0=ð2lÞ. This value does not depend on z. Hence, the

second term in (17) will not contribute to the diffracted

intensity and can be omitted. At the same time, the first

integral in (17) is significant only far from z0 , where Q(z) ’

jqðzÞj. Taking this into account, one may deduce that this term

is �ðz0 � zÞðgu� zgu0Þ=2. It follows from this, after a

straightforward manipulation, that the integral IðzÞ equalsR z

0 expfi½ ðz1Þ þ�ðz0 � zÞQðz1Þz1�g dz1, where the phase

 (z) = �sz=2þ ðzgu0=2� guÞ:
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